A method of analysis of transient waveforms is discussed. Its properties and limitations are presented in the context of musical tones. The method is shown to be useful when the risetimes of the partials of the tone are not too short. An extention to inharmonic partials and polyphonic musical sound is discussed.
List of Figures
Fi sin(woih + 00) i=a , UC wi I I be called the "center frequency".
Without loss of generality, we may define TO = 80 + ah and thus rewrite the sum as going from 0 to N-l.
Thi s change of variables hides the t i me-pos i t i on of the filter in the phase. We must remember that as the filter is advanced through time, the phase angle will increase, and that any which depend on this phase angle will be functions of time.
results
Since the summation operation is linear, we may represent the input waveform Fi as a sum of sinusiods and may thus examine the response of the fi I ter to a sinusiodal done with I inear fi 1 ters. 
S not a very useful expression as it stands, but it may be a2+b2= A2 iI3 ( ~~~1+ -f&gyp 
The square -root of the above expression will be termed the " magn i t ude" of the output of the hetrodyne filter. The arctangent of the ratio of a to b will be called the "phase" of the output of the hetrodyne f i I ter. 
If one further assumes that the frequency of the input sinusoid is close to the center frequency, then we see that
Thus we see that in the limit, the magnitude of the output ofthe 
This reveals a method of determining the amplitude of the input sinusiod and getting a better estimate of its frequency. If the center frequency of the summation is near the actual frequency of the input sinusoid, the phase will be very nearly a linear function of t inie, thus we may find the frequency deviation by fitting the phase with a straight line and observing its slope.
The consequences of choosing N as above are significant. If the center frequency is a multiple of some fundamental frequency, then we may choose N to coincide with the period of the fundamental and thus cancel out all the harmonic partials except the center frequency. Figure 1 shows the log of the magnitude of the output of the hetr&yne filter for a range of sinusoidal inputs. The center frequency in this plot is 400 Hz and the summation period, Nh, is 10 mi I I i seconds. Figure 2 shows the log of the magnitude versus frequency for a center frequency of 100 Hz and the same summation per i od. Notice the zeros of transmission at al I multiples of the summation period except the center frequency. 
i=a -The result will be a complex quantity whose real and imaginary parts correspond to the a and b discussed earlier. We will be interested in the magnitude and the phase of G. For the input waveform, Fi, we . shall take a complex sinusoid with exponential decay. 
This is equivalent to setting N to some smaller value. As the h of the filter progresses through the attack, the effective widtl window wi I I approach N, and the response of the filter w more representative.
Here we see that even if N and the center frequency are careful ly chosen, the frequency response is not the same, Figure 3 shows the response for a ten ter frequency of 300 Hz, a summation interval of 10 mi I I i seconds, and P=NJZ. We see that the neighboring harmonics are not canceled out. This shows that if the signal begins anywhere within the sindow, the output should not be taken to be an accurate indication of the amplitude of the partial.
It is exactly analagous to taking N to be a non-multiple of the period of the fundamental frequency. Figure 4 shows the output for an averaging window of 10 mi I I iseconds and center frequencies of 100, 200, and If the attack is not exponential, another form of distortion can occur. Figure 5 shows the magnitude of the filter output for the same input and ten ter frequencies as figure 4, but with linear attacks rather than exponential.
The presence of inharmonic partials can cause an effect sinii lar to ampl i tude modulation. Figure 6 shows the magnitude and phase of the fundamental of a guitar note at 132 Hz. The apparent modulation is caused by an inharmonic partial at 186 Hz, the frequency of a known box resonance.
Another source of error is that of frequency quantization. N can not in general be chosen such that Nh is exactly the period of the fundamental frequency and still have N be an integer. This can be tolerated, but it also implies that the center frequency must be a multiple of Zn/Nh rather than a multiple of the fundamental frequency.
If we do not set the
multiple of Zn/Nh, we get imperfect cancellation of a pole and a zero. Figure 7 shows the magnitude versus frequency of such a case.
Note the doublet around 400 Hz, the center frequency.
Since Nh is not exactly the period of the fundamental frequency, the harmonic partials are not exactly cancelled out.
Fur thermore, most string instruments show a deviation from perfect integral multiples of the fundamental frequency. This deviation also contributes to leakage among the harmonics. Equation 10 may be used to determine exactly how much leakage is present. 
. We see that the comb filter has a zero of transmission at all 
the zeros of transmission of the comb, it will be attenuated. We may prevent this by a method which appeared in Gold and Rader [13,141.
At those zeros of the comb that we wish to eliminate, a digital resonater is used to cancel out the zero. The details of the configuration are described in ful I detail in the references and will not be repeated here.
For analysis of an inharmonic partial, the harmonic partials may all be eliminated with a single comb, subject to the limitation that the partials may not be exact multiples of the fundamental, and that the frequency of the fundamental becomes quantized when the comb length, m, is chosen.
The comb wi I I, of course, attenuate the signal under analysis by some amount. We may predict the attenuation from The result is subjected to a heuristic analysis and is eventually displayed as a musical score of the piece under analysis.
Also under study by a colleague is how the physical parameters of musical tones such as risetimes of the partials, trenielo, and steady-state value contribute to the perceived timbre of the instrument. The hetrodyne method as outlined above is used to determine these parameters from digitized recordings of tones of An extention of the method to tones with inharmonic partials and even to multiple simultaneous notes was shown to be possible by use of the comb filter as long as the effects of the transient response of the comb was judged to be tolerable.
These methods are currently in use by the author and his , colleagues in the analysis of digitized musical sound, 
